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Variational Bayesian inference

“An approximate answer to the right problem
is worth a good deal more than
an exact answer to an approximate problem.”

John W. Tukey, 1915 - 2000



Approximate Bayesian inference

Bayesian inference formalizes model inversion, the process of passing
from a prior to a posterior in light of data.

likelihood prior
posterior
p(y16) p(6)
p(@ly) =
[p(y,6)d6

marginal likelihood p(y)
(model evidence)

In practice, evaluating the posterior is usually difficult because we cannot
easily evaluate p(y), especially when:

* analytical solutions are not available
* numerical integration is too expensive



Approximate Bayesian inference

There are two approaches to approximate inference. They have

complementary strengths and weaknesses.
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Approximate Bayesian inference

There are two approaches to approximate inference. They have
complementary strengths and weaknesses.

Stochastic
approximate inference

in particular sampling

O design an algorithm that draws
samples 0V, ..., 80 from p(0]y)

@® inspect sample statistics (e.g.,
histogram, sample quantiles, ...)

M asymptotically exact
computationally expensive
tricky engineering concerns

Structural
approximate inference

in particular variational Bayes

O find an analytical proxy q(0) that is
maximally similar to p(6|y)

@® inspect distribution statistics of q(8)
(e.g., mean, quantiles, intervals, ...)

M often insightful — and lightning-fast!
often hard work to derive
requires validation via sampling
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The Laplace approximation

The Laplace approximation provides a way of approximating
a density whose normalization constant we cannot evaluate,
by fitting a Gaussian distribution to its mode.

1
p(z) = - X f(2)
YA
normalization constant main part of the density
(unknown) (easy to evaluate)

This is exactly the situation we face in Bayesian inference:

p(Bly) = >0) X p(y,0)

model evidence joint density
(unknown) (easy to evaluate)

Pierre-Simon Laplace
(1749 — 1827)

French mathematician
and astronomer



The Taylor approximation

The evaluation of any function f(x)
can be approximated by a series:

f@) = f(x)
DHCOICEED
Fof )G = x7)?

@)@ = x)?

A

Brook Taylor
(1685 —1731)

English mathematician,
introduced Taylor series

approximation




Deriving the Laplace approximation

We begin by expressing the log-joint density L(8) = Inp(y, 8) in terms of a second-
order Taylor approximation around the mode 6*:

LO) =LO)+L'(O")O—-06")+ %L”(H*)(H — 0%)?
0

= L(07) +7 L"(0") (06— 87)?

This already has the same form as a Gaussian density:

InN(@@|u,n1) =%lnn—%ln2n—g(9—u)2
S P BT e _ 2
=-In—+- (=) (6—-p)

And so we have an approximate posterior:
qg@) =N(O|un1) with u=26" (mode of the log-posterior)
n=-L"(6%) (negative curvature at the mode)
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Applying the Laplace approximation

Given a model with parameters 6 = (61, ...,Hp), the Laplace approximation

reduces to a simple three-step procedure:

D

Find the mode of the log-joint:
0" = arg max Inp(y,0)

Evaluate the curvature of the log-joint at the mode:

VVinp(y,6%)

We obtain a Gaussian approximation:
NO|uA™)  withuy =6*
A=—-VVIinp(y,8%)

11



The Laplace approximation: demo
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Limitations of the Laplace approximation

The Laplace approximation is often too strong a simplification.
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Variational Bayesian inference

Variational Bayesian (VB) inference generalizes the idea behind the Laplace
approximation. In VB, we wish to find an approximate density that is
maximally similar to the true posterior.

true
posterior /\-\
p(6ly) e

divergence

KL[q||p]

hypothesis
class

15



Variational calculus

Variational Bayesian inference is based on variational calculus.

Standard calculus
Newton, Leibniz, and others

 functions

fix e f(x)

e derivatives 3—f
X

Example: maximize the
likelihood expression

p(y|0) w.rt. 6

Variational calculus
Euler, Lagrange, and others

 functionals
F:f » F(f)

. dr
* derivatives E

Leonhard Euler
(1707 — 1783)

Swiss mathematician,
‘Elementa Calculi

Example: maximize the Variationum’

entropy H[p] w.rt. a
probability distribution

p(x)

16



Variational calculus and the free energy

Variational calculus lends itself nicely to approximate Bayesian inference.

,0
np®) =IniGi;

_ p(y,0)
—f q(6) In ) dé

r(8ly) q(0)
540 22+ 220
= [q(@)In-L2-do + [q(0)InE2%do
KL[CYII |p] F (qY, y)
divergence between free energy

q(6) and p(0|y)

17



Variational calculus and the free energy

In summary, the log model evidence
can be expressed as:

Inp(y) = KL[q|lp] + F(q,y)

1 T

divergence free energy
> 0 (easy to evaluate
(unknown) for a given q)

Maximizing F(q, y) is equivalent to:
* minimizing KL[q||p]

* tightening F(q, y) as a lower
bound to the log model evidence

* In this illustrative example, the log model evidence and the free
energy are positive; but the above equivalences hold just as well
when the log model evidence is negative.

Inp()" —
KL[q]Ip]

F(q’y) x....i.

initialization ...

Inp(y) —f

KL[q]Ip]

F(q,y) l

... convergence

v
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Computing the free energy

We can decompose the free energy F(q, y) as follows:

_ p(y.,0)
F(q,y) = | q(0) In==52de

= [ q@®Inp(y,0) db — [ q(6)Inq(6) db

=(Inp(y,0)), + Hlq]

expected log- Shannon
joint entropy

19



The Laplace approximation: demo
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The mean-field assumption

When inverting models with
several parameters, a common
way of restricting the class of
approximate posteriors g(0) is to
consider those posteriors that
factorize into independent
partitions,

q(0) = qu(é’i),

where g;(6;) is the approximate
posterior for the ith subset of
parameters.

0 ..........
q(61) . o
g
05400
5 R
NS |

Jean Daunizeau, www.fil.ion.ucl.ac.uk/
~jdaunize/presentations/Bayes2.pdf

21



Typical strategies in variational inference

no parametric parametric assumptions

assumptions CERICI)

no mean-field (variational inference = fixed-form
assumption exact inference) optimization of moments

mean-field assumption iterative free-form iterative fixed-form
CERIVICH) variational optimization variational optimization

22



Variational inference under the mean-field assumption

F(q,y) = fq(é’) In

[T}

[

p(y,0)
q(6)

field assumption:
q; X <1np(y,9) Zln 6h> ;n(%a)n_ln ql(;) |

do

=quln

. —[ql (lnp(y,H)—lnq])dH jqjl_[qlzmqldé?

\J \J

jn%’lnp()’,@) d6\; —Ingq; dgj—jq]'jl_[qilnl_[qide\jdej
Y . \J \Jj

(Inp(y.H))q,;

exp ((ln p(y, 9)>qv)
qj

d6]+C

=—KL[CIjlleXP(UnP(}’»Q))qv)] toc
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Variational algorithm under the mean-field assumption

In summary: This implies a straightforward
F(q,y) = —KL lqj|| exp ((lnp(y, 0))q\j)] +c glgorithm for variational
inference:

Suppose the densities q\ ; = q(H\j) are kept
O Initialize all approximate

fixed. Then the approximate posterior q(Bj) posteriors q(6;), e.g., by
i) €8

that maximizes F(q, y) is given by:

T =argmaxF(q,y)
q; 5 a; 4 ® Cycle over the parameters,

1 revising each given the
==e In ,0 .
z SXP (< p(y )>q\1) current estimates of the
others.
Therefore:
In q;f = (Inp(y, g))q\j —InZ ©® Loop until convergence.

=:1(6))

setting them to their priors.

24



Frameworks for approximate inference

Variational Bayes Expectation propagation
minimize KL[q(8)[|p(@]y)] minimize KL[p(@]y)||q(6)]
1 1
0, p(6]y) q(6) will tend to q(8) will tend to

be zero where
p(@|y) is zero

be nonzero
where p(8|y) is
nonzero

may lead to a local
minimum

averaging
across modes
may lead to
poor predictive
performance

Bishop (2005) PRML, pp. 468 — 469
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Application 1: variational density estimation

We are given a univariate dataset mean  precision

{y1, ..., Yo} Which we model by a p(ult) = N(uluy, (A1) ™)
simple univariate Gaussian p(1) = Ga(t|ay, by)
distribution. We wish to infer on its

mean and precision: _
p(yilw ) =Nlut™)

p(u,Tly)

Although in this case a closed-form
solution exists*, we shall pretend it
does not. Instead, we consider
approximations that satisfy the mean-
field assumption:

q(u, ) = q, (1) q:(7)

* Exercise 2.44; Bishop (2005) PRML
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Recurring expressions in Bayesian inference

Univariate normal distribution
In NV (x|p, A7) =%1n)l—%lnn—%(x—u)2
= —%sz + Aux + ¢

Multivariate normal distribution
In NV, (x|u,A™Y) = —%lnlA‘ll — gln 21 —%(x —WTA(x — 1)
= —%xTAx +xTAu+c

Gamma distribution
In Ga(x|a, b) =alnb—InT(a)+(a—1)Inx—bx
=(a—1lnhx—-bx+c

28



Variational density estimation: mean u

Ing* (1) = Inp(y, g + ¢
+ {Inp(u|t)) g +{Inp(@))gr + ¢

n
- <ln]_[p<yi|u, )
i q(z)

— <1n HN(yil.u' T_1)>q(r) + (lnN(l’lluo’ (AOT)_l)>q(T) + <ln Ga(Tl Ao, bO))q(T) t+c
= Z <_%(3’i - u)2> + (= .Uo)2> tc
q(7) q(0)

(Dq0) _ (D (D g o
=z_ ;T yi2+<T>q(T)nyM_n ;T Hz_%ﬂ2+ﬂomlo<l-)q(r) _ilug-"c

AoT
2

1 ) e
= =5 (g + (g} 1 + (PO +doto(Dq ) 1+c oo

= q' () = N (ulun, 47D with 2, = (Ao + 1)(0)g(r)

_ n}_/<T>q(T) + AOMO<T>Q(T) _ /10.[10 + Tl_')_/
Ha 1, Ao + 11
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Variational density estimation: precision T

Ing*(7) = (InpQy, 1, g +¢

n
= <ln H]\f(yilu,r_l)> + (In vV (lpg, Qo) ™) g + (InGalrlag, bo))g(u) + €
=1 q(u)

n
1 T
Z<§1HT —5 i —u)?

i=1

1 AoT 2
+ Eln(AOT) T (U — o)
q(u) q(u)

+{(ap—DInt—byT)g + ¢

1 1
= Pt 2 (500~ 100 +5 10 30T~ (1= o)) + (e — D InT — Byt +c
1 1 A
— {g + E + (aO _ 1)} Int — {E (Z(yl _ .u)2>q(u) + ?O<(.u - .u0)2>q(u) + bO} T+cC

= q"(7) = Ga(t|ay, b,) with

- /10 2 1 2
bn — bo +7<(.u _:uO) )q(u) +§<Z(yl —/1) >CI(M)
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Variational density estimation: illustration

2
(a)
n(61y)
q(6)
91 (] K 1
(c) I
(@
91 (] H 1

Bishop (2005) PRML, p. 472

2

(b)
| (©
91 0 H

(d)

q*(0)

R(@
91 (] H
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Application 2: variational linear regression

We consider a multiple linear precision of
. . . - p(a) = Ga(alag,by)
regression model with a shrinkage coefficients

prior on the regression coefficients.
coefficierts ( B ) p(Bla) = Ng(Bl0,a™ gxq)

We wish to infer on the coefficients

p, their precision «, and the noise preg;gﬁ p() = Ga(dlcy, do)
precision A. There is no analytical "\
posterior | |
- Xi Pl B) = N (il BT, A7)
p(B,a, Aly). i regressors data

We therefore seek a variational
approximation:

q(B,a, 1) = qp(B) qo(a) qa(A).

33



Variational linear regression: coefficients precision «

Ing*(a) =({Inp(y,B,a, D)gpr t+ ¢
= (n[V (yilﬁTxi,l_l))q(ﬁ)q(@ +(InN(BIO,a™ D) gpyqeny + (InGalalag, b)) g(pyqeny + €

(o

2 ——_ 2

a—d N e
c

1 d 1
——=In |a7Y]| —=In2rm — E(’B —0)al(p — O)>
a(B)
+{agInby —InT'(ap) + (ap — 1) Ina — boa)yp) + ¢

d a
=5 lna _EwT'B)q(ﬂ) + (ap— Dna — bya + ¢

d 1
:<E+a0—1> Ina — <E(,8T,8)q(ﬁ)+b0> a +c

= q*(a) — Ga(alan; bn) with a, = Qg + —
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Variational linear regression: cofficients

ln q* (18) — (ln p(y; ,Br a; A))q(a,)l) + c
= (TN B %, AN gwan +{IMNG(BI0,a D) gy + {InGa(alap, bo)) g(a)q(a) +¢

c

n
1 1 A 1 d 1
=Z ?Z—Iilj{—ihlZH—E(yi—ﬁTXi)2> + —izlrlla_lll —2]I127;[—§ﬁ’r6¥1ﬁ +C
e c a(a)q() c c a(@)
VAPIED - 1
= — g z(}’i — BTx)* — E(CZ)q(a),BT,B +c
[
Ve (Dgr 1
= = T2E2YTY + Mg B Xy =2 BTXTXR = = B abq B +

N—

c

1
:_EﬁT {Q)q(A)XTX"'(“)q(a)I}IB + 'BT <’1>Q(/1)XTY tc

— q*(ﬁ) = Nd(ﬁl.un; A;ll) with A, = <a>q(a)1 + </1>q(A)XTX; Un= A£1</1>q(/1)XTy
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Variational linear regression: noise precision A
Ing*(1) = (npy, B, a, D)q@pa *+ ¢

n
1 1 A
= ZEInA—EInZn _E(yi — BTx;)?
l N e’

’ a(B)a(@)
+<£0 Indg — InT(co) + (o — 1) lnA—dO,1> +e
; ‘ q(B)q(a)
n 1 . roor Ao
=5InA=2y'y + KBlp X'y =5 BlgipyX" X{Blaepy +(co —DInd—dod+c

n 1 1
= {CO + 5~ 1} InA — {5 yly — (ﬁ)g(ﬁ)XTy + > (ﬁ)g(ﬁ)XTX(,B)q(ﬁ) + do} A+c

n
= q* (1) = Ga(ld|c,, d,)), c, = Co + >

1
dyp =dy+ 23’ y —{(B), (ﬁ)X y+= (ﬁ)Q(ﬁ)X X{(Bqp)
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Variational linear regression: example

Data y!

L l L l L l L L
O = -

[ [ [ [

[ [ [ [ [
20 40 60 80 100 120 140 160 180 200

Design matrix X7

regressor 1 (sinusoid)

regressor 3 (constant)
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Variational linear regression: example

] Iteration 0 & 0:00:00'000

_Cl) F=-14771.09
-2
-3 0.06f 01l

50 100150200 0.0al

0.02

0.05;

OO 10 20 30 0O 10 20 30
coefficients precision o noise precision A

0.2

0 0 correlation
1 0 1 1 0 1 matrix of g
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Variational linear regression: example

O Iteration 1 > 0:00:00’002

Ml o F=95.95
I% 0.4}
0.1}

50 100150 200
0.2!

= -
00 10 20 30 0O 10 20 30

coefficients precision o noise precision A

20¢ 6!
10
10 4
5t o|
correlation
(_)1 5 7 (_)1 0 1 (_)1 1 matrix of 8
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Variational linear regression: example

O Iteration 2 (convergence) @ 0:00:00'003

F=96.27

0.4;

0.2;

10 20 30 o 10 20 20

coefficients precision o noise precision A

201 ! 6}
4.
10¢
| 2|
JEL _ _ correlation
-1 0 1 1 1 matrix of
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Variational inference
(Bayesian model comparsion)

By: InBF = 51.5

B,: InBF = 293.9
Bs: InBF = 3.6

@: InBF = 320.7

Frequentist inference
(classical t- and F-test)




Variational linear regression: free energy

F(q,y) =

<lnp(y' :8' a, A))q(ﬂ,a,)l) + H[C[]

expected log-joint Shannon entropy

(In[IV il "%, A7) g + (I NG (B10,a~ D), +(InGalalag, by))q + (InGa(A o, do))q
+H [Ny (Blpn, A )] + HlGa(alay, by)] + H[Ga(Alcp, dp)]

> (o) —Indy) —In2m - E Y'Y+ n X"y = 22 TAXTX Gy + A7)
d —

3 In2m + > (l/)(an) —In bn) — an (.un/ln + Tr[Anl])

+aglnby — InT(ay) + (ay — D@ (a,) —Inb,) — b"“"

+coIndy —InT(cy) + (¢ — 1) (WY(c,) —Ind,) — doCn

+§ (1+1n2m) + %lnIAgll

+a, —Inb, + InT'(a,) + (1 — a,)Y(a,)
+c, —Ind,, + InT'(c,,) + (1 — ¢, )Y(cy,)
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Variational linear regression: predictive density

p(Yn+1|xn+1'Xfy) — fp(yn+1|xn+lr:87/1) P(,B»/UX»)’) dﬁ dl
~ [ pOnsalxns, 8,2 q(B) q(A) dB dA

5 l l L L l L l l
- data (n = 200)
posterior predictive mean +/- 2 SD
O_ o 7]
-5+ i
_10 L L [ [ L [ L L
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Variational linear regression: predictive density

p(Yn+1|xn+1'Xfy) — fp(yn+1|xn+1r:8r/1) p(lgi/”XJy) dﬁ dl
~ [ pOnsalxns, 8,2 q(B) q(A) dB dA

5 T T | T | |
- data (n = 20)
posterior predictive mean +/- 2 SD
O_ .
-5
_10 [ [



MATLAB implementation

vbim.m

%

N R RXXRRXXR R RN XR R R R R XX

R R

R R

vVariational Bayesian multiple linear regression.

Usage:
q = vbim(Cy, X)
[q, stats, g_trace] = vbIm(y, X, a_0, b_0, c_0, d_0)

Args:
y: <n x 1> vector of observations (response variable)
X: <n x d> design matrix (regressors)
a_0: shape parameter of the prior precision of coefficients
b_0: rate parameter of the prior precision of coefficients
c_0: shape parameter of the prior noise precision
d_0: rate parameter of the prior noise precision
Returns:
q: moments of the variational posterior

g.F: free energy of the model given the data

See also:
vblm_predict

Kay H. Brodersen, TNU, University of zurich & ETH Zurich
$1d: vbIm.m 19126 2013-03-18 18:33:05Z bkay $
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Frequentist vs. variational inference

Frequentist linear regression

B =XTX) "' X"y
Cov(f) = a2(XTX)™1
p = P(t > t*|Hy)

Variational Bayesian linear regression

(BIX,y)= (B)q(p)
= ((@q(@) + DawX™X)" Dgeay X7y

~1
COV(,BlX, y) = ((a)q(a)l + (A)Q(A)XTX)
InBF =InF;—InF,
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Application 3: variational clustering using a Gaussian mixture model

Extending the univariate mixing coefficients
model to a mixture
model yields a
variational clustering
algorithm.

p(m) = Dir(r]ay)

p(h) = H1k<=1 W(A|[Wo, o)
p(ul ) = TTie=1 N (el mo, (B ™

p(z|m) = TT5_, ™

means precisions

The only assumption
required to obtain a

tractable solution is:
p(x;|Z,u, )

_1\Zi
q(Z,m i, A) = [1K_; V(o e A1) ™

= q(Z) q(m, 1, A)
Iterating between these
two densities gives the

variational equivalent of
an EM algorithm.
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Variational clustering

Variational E-step

K
Ing*(m,u,A) = (Inp(X, Z, 7,11, N))g(zy = q(m, 1, A) = q(m) Hq(uk,l\k)
k=1

q* () = Dir(m|a)
where «a = (ap)k=1,.k k= ao+ng
Ny = Tk

q* (U, Ax) = N (e lmy, BreAi) ™) W (A Wy, vi)

where my = ﬁi (Bomg + nyxy,)

k

B = Po + ny

Wil = Wel 4 S + 22 (5, — mg) (% — mo)T

Bo+ng

Vi =vyt+n,+1

— . 1 n

Xk = ny “i=1 Ti kXi
1 _ _

Sk == 1 (g — X)) (g — X )T
ng
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Variational clustering

Variational M-step

n K
In q*(Z) = (ln p(X, Z,m, U, A))q(n,u,A) = q*(Z) = HTL,ZIék
i=1 k=1
Pik
h L e— LK
wnere rl,k Zj'{:lpi,j

1 —
where pi,j = exp (— E (dﬂk 1 + Vk(xi - mk)TWk(xi - mk)))
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Variational clustering: example

120

Advantages of variational clustering over the maximum-likelihood approach:

* no singularity issues (components that collapse onto a single data point)
* no overfitting (even with many components)
* number of clusters determined by model selection

Bishop (2005) PRML, p. 480
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Summary (1)

Stochastic Deterministic
approximate inference approximate infe
in particular sampling in particular variatic
© design an algorithm that draws © find an analytica
samples 8@, ., 87 from p(6y) maximally similz
@ inspect sample statistics (e.g., ® inspect distribut
histogram, sample quantiles, ...) (e.g., mean

051
— undetying density

— Laplace M022, 0.44]
[ ~

Inp(y) = KL[q||p] + F(q.y)

J L )
T T

divergence free energy
(upknown)  (easyto evaluate

for a given g)

Two approaches to approximate inference

e stochastic inference (sampling)
e deterministic inference (variational Bayes)

The Laplace approximation

* simple local approximation
* often used in conjunction with VB

Variational inference under the
mean-field assumption

* to maximize F means to minimize KL[q||p]
e variational algorithm
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Summary (2)

mean  precision 2

puly | @ ' Variational univariate density estimation
p(™) ’

: : e exact solution available
p(ilw,©) ( @

Variational multiple linear regression

p(ﬁla) 0 C\‘:bo o Vb-lm.m
2 ) mqtbl
p(3:15) -4
2 0 2 4
Ve . Variational clustering using a Gaussian
PP mixture model
2 e (@) * SPM_Mix.m

53



